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SUMMARY.

In this paper we present a new approach to the kinematic and dynamic analysis of rigid body systems in the form of a consistent
method employing 4" 4 matrices. This method can be considered a powerful extension of the well known method of homogeneous
transformations proposed by Denavit and Hartenberg. New matrices are introduced to describe the velocity and the acceleration,
the momentum, the inertia of bodies and the actions (forces and torques) applied to them. Each matrix contains both the angular
and the linear terms and so the "usual” kinematic and dynamic relations can be rewritten, halving the number of equations. The
resulting notation and expressions are simple, and very suitable for computer applications. A useful tensor interpretation of this

method is aso explained, and some connections of this notation with the screw theory and dual-quantities are quoted.

1-INTRODUCTION.

The research in many fields like robotics and biomechanics
has stimulated the development of 3D kinematics and
dynamics and many papers on this subject have been
published in the last decade; however they tend to be either
specific to a certain application or they consider only a
limited part of the problem.

The works that deal with this question in depth appear non-
homogenous in the mathematical approach to the various
steps of the kinematic and dynamic problems, whether direct
or inverse. As an example, many authors use the well known
homogenous matrix notation [18] to define the position of
bodies and points, but for velocity, acceleration and dynamic
analysis they use different approaches such as vectors [19,
23, 27, 28], tensors [8], screw-theory [5, 6, 26, 38], dua
numbers [7, 15, 22, 46] or mixed notation; other authors
(e.0. [28]) use 6x6 matrices.

The tensor approach results in compact forms but requires
deep mathematical bases. Screw theory alows simple
geometrical interpretations, but it is restricted to speed and
infinitesimal displacement analysis. Dual numbers are often
used only as mathematical supports for the screw theory.
Even though these different methods are sometimes
translated into matrix notation, they remain non-
homogeneous with the approach used in position analysis:
for example, for both the velocities and accelerations of the
bodies, the rotational and linear components are treated
separately [3, 4, 16, 27, 42, 48, 49].

Particular attention must be paid to the interesting work by
Uicker [17, 41, 43, 44]. He proposes the adoption of some
4x4 matrices obtained by deriving the homogeneous
transformation matrices with respect to time. Unfortunately,
the resulting matrices do not contain the information in a
user-friendly way. For example the angular velocities are
represented by the time derivative of direction cosines. This
approach is good for automatic linkages analysis but is not a
clear way to describe some familiar concepts like "velocities
composition” or Coriolis theorem.

Although each of the quoted methods can be very convenient
in individual cases, we felt the necessity to develop a
"unified" methodology which could be conveniently utilised
in many different situations.

According to this methodology the posel of a rigid body can
be represented by a 4" 4 matrix [18] that we will indicate by
M. This matrix contains a 3" 3 submatrix R describing the
orientation of the body and a 3" 1 vector T representing the
position.

To develop a full kinematic analysis of systems of rigid
bodies according to our notation two new 4" 4 matrices must
be defined: W which describes the linear and the angular
velocity of the body, and H which contains both the linear
and the angular acceleration. Other matrices can be utilised
to describe finite and infinitesimal displacements or other
entities like the I nstantaneous Screw Axis (ISA).

Finally three new matrices (G, F, J) are used in dynamics,
they contain respectively: the linear and the angular
momentum of the body, the actions (forces and torques)
applied to the body and the mass distribution (mass, center
of mass position, inertia tensor) of the body.

As described in later paragraphs, this notation has some
useful properties: the presented matrices can be combined
quite easily to write the "normal” kinematic and the dynamic
relations handling both linear and angular terms at the same
time. Moreover (see paragraph 3.3) it is quite easy to
describe the relative motion between three or more bodies
using familiar concepts like wvelocity composition or
Corialis theorem.

Finally the present approach is quite convenient for
computer applications and two standard libraries are
available to help writing numerical simulation programs [21,
24].

1pose; aterm meaning position and orientation



The matrices introduced above can be seen as Cartesian
components of tensors in the current reference frame. From
the tensor interpretation the kinematic and dynamic relations
may be obtained far from any reference frame.

The methodology has been developed in different steps since
1984 when Legnani showed how to represent efficiently, by
means of two matrices W and H, the velocity and the
acceleration of arigid body [30, 31, 32]; subsequent papers
[10, 11, 29] extended this approach to the whole dynamic
analysis of systems of rigid bodies using the Newton-Euler
approach.

The aim of this paper is to reorder the whole method and to
extend it to the Lagrangian dynamics.

It is important to say that our general approach comprises
and generalizes other kinematic methods proposed for the
solution of individual problems by some authors (e.g. [36,
39, 40, 45]) so a few details of this methodology can be
found in other notations (e.g. matrix J is used also in [40,
14]) but many parts are totally original (e.g. matrices G
and F) and most important the whole methodology has
never been presented as a "unified" and "generalized"
approach for spatial kinematics and dynamics.

In the following paragraphs we assume a basic knowledge of
the concepts of homogeneous transformations; however
some of their fundamental characteristics will be quickly
recalled in paragraph 2 in order to better present our
notation.

2-POSITION MATRICESAND
ROTOTRANSLATION

2.1 Notation and nomenclature
Given a vector V , its projections onto a chosen reference

frame (k) may be collected in a vector matrix V,, orin a

3x3 "skew-symmetric” matrix V,, (indicated by means of

an underscore), therefore both matrices represent the same
vector in (k)2.

Vy 0-v, v
Vg =|Vy Vo =| Y= 0 -y
v, -vy v 0

Using "underlined matrices’ the vectoria expression
a=b" ¢ canbe expressed in frame k as follows:
Ay =By Cho
or:
— — t
&y =By €y - G By = - B * CaroPli -

If we consider two different frames (i) and (j), the
representations V;, and V;, of the same vector v in (i)

2\When a matrix is a Cartesian representation of a vector or
of atensor in a frame k, we add the subscript (k) to the
matrix. The symbol (k) is also used as a shorthand of k-th
reference frame or body. A "globa", an "absolute’ or an
inertial reference frame will often be indicated as (0).

The subscript (K), in trivial cases, is sometimes omitted.

and (j) are correlated by the well known rotation matrix
R
If vector V is represented by a vector matrix V the change
of reference formulais:

Vi =Rij Vi)
Whileif vector V isrepresented by the "underlined matrix"
V the previous relation becomes:

— t
M(i) - Ri,j \_/(j) Ri,j .
For any vector v and for any unit vector u it yields:

vw=0 unt2

=-u"  foranyn=12,.

2.2 Position Matrices
Given any point P of arigid body the relation between its

homogeneous coordinate P, =[x, Y, % w| in an
absolute reference frame (0) and its coordinate
P=lx v, 2 w|t in a local, body-fixed reference

frame (1), is described by the homogeneous transformation

Po=Mg. P (1)
The homogeneous coordinate w is null for points at infinity,
and has generally the value of 1 for other points.

P

figure[1] change of reference.

Therefore, the pose of the body with respect to the absolute
reference frame can be represented by the 4x4 "Position
matrix" M.

X Yxo Zoit
M. = Ro1 Eto,lzxy Ve ity
0 0 0:1 00 0:i1
X i YxiZe it
YW im Y
X 1Y,z it
0:0:0:1

where the 3x1 vector t, | isthe position of the origin of (1) in
(0), while the 3x3 submatrix R, is the usua orthogonal

rotation matrix describing the orientation (attitude) of frame
(1) with respect to (0). Matrix M is often called the
"Transformation matrix" or "Denavit and Hartenberg matrix".
It is possible to verify that the first three columns of matrix
M, contain the homogeneous coordinates in (0) of the three
points at infinity of the axes of frame (1) while the last
column contains the homogeneous coordinates in (0) of the
origin of frame (1).



It is well known that the inversion of a position matrix is
always possible and very simple; considering equation (1), it
is obvious that M ;,fl is the position matrix that describes the
location of frame (0) with respect to (1), therefore:

Mé,lleLoz Rao 0
the relations between R and t of M, and M 10 &€
Rl,OzRg),lzR(-),ll to=- Rg,lto,l‘

Given three frames (i), (j) and (k), position matrices M
combine as:

M. =M.. M

ik ij jk -

2.3 Rototrandation

The displacement of a frame which moves from an initial
position (1) to a final position (2) can be described in a
reference frame (0) by an appropriate rototrand ation matrix
?Plis the initial absolute position of a point embedded in
the moving frames, itsfinal position P, is:

P, =QP,. ()

Q

figure[2] rototraslation.

To obtain matrix Q we apply Eq. (2) (valid for any point) to
the four columns of matrices M,; and M, which describe

theinitial and final position of the moving frame, hence:

Moz =QMy, ©)
post-multiplying both sides of Eq. (3) by M g,j we obtain:
QzMo,zME),ll:Mo,leo- 4

Matrix Q depends on the initial and final positions of the
moving frame and on the choice of the reference frame (0).
Assuming k as a new reference frame, in which we intend to
describe the same screw-displacement, Eq. (4) becomes:

Qw>:Mk2Mkﬁ:Mk2Mlk- (5)

Remembering that:

My2 =M oMy,
and

M1 =My oMgy

and introducing these relations in Eq. (5) we can rewrite it
asfollows:

— -1
Quy =Mko QM. -

In other words the representations of the rototrandation in
two different reference frames are related to each other by
the relative position matrix of the two reference frames.
If matrix Q is expressed in frame (1) or (2) equation (5)
becomes very simple and it yields :

Qu =Qp =Mz -
This last relation emphasizes the link between position
matrices M and matrices Q.
Since Q is the product of two position matrices it keeps the
following blocks:

R it
00 01"
where R describes the rotation and t the trandation of the
body; any rototrandation is equivalent to a screw motion.
Matrix R holds the unit vector of the screw axis and the
rotation angle as can be shown (see paragraph 5):

R =1+Usinff )+u’(L- cosff ) ,
where | isa 3x3 identity matrix, U is a unit vector specifying
the direction of the screw-axisand f is the rotation angle.
t holds the pitch p and a point p,,of the screw axis:
t=(-R)py+pfU.
t is the displacement of the pole which is the point

embedded on the moving frame that before the rototraslation
lay in the origin of (k).

3 - VELOCITIES AND ACCELERATIONS
MATRICES AND TENSORS

3.1 Basic definitions

To extend the transformation matrices approach to a full
kinematics analysis, two new matrices W and H must be
introduced.

The angular and linear velocity of a body with respect to a
reference frame can be represented by the velocity matrix3
W:

0 -wz  wyioW :
wel W 0 -wx vyl _ w Vo
- Wy Wy 0 : Vz :

where W indicates the angular velocity of the body and V|

is the velocity of the point, considered belonging to the body
(called the pole) that in a considered instant is passing
through the origin of the reference frame.

Thevelocity P of apoint P on the body can be obtained as:

Xp N
p=wp="Pld * Vo[’ 6)
%p .

.0. 6.....6.....(.)....?..0.- _.i.

It is easy to verify that this equation is a matrix formulation
of the usual vector formula:
Vp=Votw’ (P-0) .

3Matrix W contains, in a different form, the same
informations of the dual velocities defined in [1, 22].



figure [3] Velocity and acceleration of a body

Similarly, the relative acceleration of a body with respect to
a reference frame may be indicated by the acceleration
matrix H, as:

H:W +W2: G ;ao y

0 000
where the 3x3 submatrix G isgiven by: G =w +v_v2 and a,

is the acceleration of the pole with respect to the reference
frame. It obvioudly yields:

otos) wi-toro)

The acceleration P of apoint P of the body is:

Xp ! Xp
p=HP=|P|{ ¢ %P (7
ZP H ZP

Again, it is easy to verify that this equation is a matrix
formulation of the usual vector formula:

8, =8,+W  (P- O)+W (W’ (P- O)) .
The first and second time-derivatives of the position matrix
My, can be obtained by remembering that each column
represents the position of a point; for this reason, using

equations (6) and (7), one can easily write the following
relations:

Mo1=WMg; W =My Myt
Mgi=HMg; H =Mo,1Mb,11-

3.2 Change of reference
The value of the elements of matrix W depend on the frame

used as reference for two reasons. First of al w and V|

must be represented by their components with respect to the
chosen reference frame. Secondly the pole is the point of the
body passing through the origin of the chosen reference
frame.

For these reasons, if another frame is chosen matrix W
changes because the pole must be the origin of the new
reference and W and V & must be projected onto the axis of
the new reference. Matrix H behavesin the same way asW.
If we have two different reference frames (r) and (s) we will
indicate the representation of the velocity of a body in the
two frames as W,y and W, and the acceleration as H ,,

and H .

figure [4] Change of reference for velocities

Since the two matrices describe the velocity of the same
body in two different frames their values are strictly
dependent on each other. It is possible to prove (see
appendix A) that they are tensors which transform as:
-1
W(r) =M r,s W(s) M r,s (8)
-1
H(r) =M r,s H(s) M rs’? (9)
where M, ¢ is the position matrix of the reference frame (s)
with respect to (r).
In other words W,, and Wy ae the Cartesian
representation in (r) and in (s) of a tensor W. The same
statement appliesto H.
The validity of the previous formulas can be proved by
expanding the matrices into their blocks and by executing
the matrix product. For example the velocity matrix in (r)
obtained by applying equation (8) is:

W

t
Wi Rrs

Vo Rr,sw

r =

Rr,svos'
Sﬁar Wi R}sgrs

S==(r)

")

Wy =

[t F
!

o
o
o |
o

0

where R, (W R; is equa to W,
velocity of thebody in (r) and RV, is the velocity of pole
O, projected onto (). Moreover it is easy to verify that the

velocity V of the new poleis:
V =RV -w,t
Or ’ Os

—(r) "r;s*

that is the angular

This equation is just a matrix formulation of the following
vector formula:

\70r :\70S +w’ (Or - Os) ’
where O, and O, are the origins of the frames (r) and (s),
respectively.

3.3 Relative kinematics
The relative motion between different bodies can easily be
studied by using the presented matrices.

0]
0]
ABS

figure[5] Motion composition
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Let us consider as an example three bodies i, j and k (or
three frames embedded in them). If the relative motion
between bodies i and j (Wi'j Hi'j) and between j and k

(Wjx H;y) ae known in any frame (r), using our
homogeneous method the absolute velocity and acceleration
(Wi H;,) of kcan be simply written as:

W W ijk(r)

(10
Hioy =Hiio *Hike *2Wii Wik - (D)

It is easy to interpret the meaning of each addendum of the
two formulas as drag, relative and (for the acceleration)
Coriolis components.
The proof of Eq. (10) is presented in the appendix A for the
caser = i. After having proved the validity of Eq.s (10, 11)
in (i), it's easy to extend it in any reference frame by
applying the change of base formulas (8, 9) on both sides of
Eq.s (10, 11).
Remembering that matrices W and H are Cartesian
representations of tensors, Eqg.s (10 and 11) obviously hold
in any reference frame and we can simply write:
Wy =W +W,, (12)
Hig =Hij +H t2W, W . (13

k) = Wijn t

4 - DYNAMICS.

The three new matrices introduced to develop the dynamic
analysis of a system of rigid bodies are: the action matrix F,
the momentum matrix G and the inertial matrix J.

4.1 Action matrix
The system of forces and couples (torques) applied to a body
k is represented by the skew-symmetric action matrix F,:

: 0 -¢ ¢ :f,
C :f CZ 0 - Cx : fy
= - ' = ! y 14
i SR I B ol T S 4
-ft ol |-f, -, -1, 0

where f is the resultant of the forces, while C holds the
torques calculated with respect to the origin of the reference
frame.

If f=[f, f, f, 0]t is an infinitesimal force applied to an
infinitesimal particle of the body whose position is P and
whose volume is dv, matrix F is defined as an integral on
the whole body:

F=¢ffP' - Pfhadv

where the term contained in the parentheses can be seen as
an extension of the cross product for four-element vectors
(see paragraph 2.1).

4.2 Momentum matrix

In asimilar way, the angular and linear momentum of body k
with respect to a reference frame may be described by the
skew-symmetric momentum matrix G

E 0 -0z gy Erx
g ér 9; 0 'gx:ry

= - ' = ! ’ (15)
L "9y 9 0 ife
| P

where g is the angular momentum of the body evaluated
with respect to the origin of the reference frame and

t .
g= n-{vxg Vy, Vg, | represents the linear momentum of

the rigid body. Matrix G contains the same information as
the "dual Momentum™ defined in [1].

If P is the velocity of an infinitesimal particle of the body
whose position is P and whose mass is dm, matrix G is
defined as an integral on the whole body:

G=¢yPP' - PP')dm

4.3 Inertial matrix

The mass distribution of body k can be represented by the
symmetric inertial matrix J. This matrix is also caled
pseudo inertial matrix [40, 14].

lo by D! Ox

R | T e A TS
S N N
qt ! Ox Oy qzim

wheremisthemassand q = r11xg Yg zg|t is the product

of the mass by the center of mass position of the body.
The elements of submatrix J are defined as:

IXX=(‘j<zdm IW=(‘)/2dm IZZ=(‘)zzdm
Iy = Orydm Iz = Oxzdm ly, = Cyzdm .
Note that the definitions of the elements of J are different

from the usual inertia moments.
For example the familiar inertia moment J,, about axisx is

given by:
JXX:dy2+22)dm=|yy+IZZ

J +dy + Iy
Ixxzf.

and so

In other words, matrix J is defined as the following integral
on the whole body:

J= (‘jDPtdm

4.4 Change of reference

It is also possible to show that dynamic matrices F, Gand J
are Cartesian representation of tensors and given two frames
(r) and (s) they transform as:

Frr) =M sFgMrs

Gy =M1 Gy s 1
t
iy =M JygMrs s
where M ¢ is the position matrix of frame (s) with respect

to (r).
The validity of these equations can be proved in the same
way used for W and H.

4.5 Relations between kinematic and dynamic matrices.
The presented matrices can be easily combined to write the
usual mechanics relations.

Choosing an inertia frame (0) the Newton Law is:



Fro = Hox Ik - ko) Hox - (18)
Expanding the matrices of equation (18) into their elements
and executing the matrix product one can prove that this
relation is equivalent to the usua vector eguations:
f=mdg and C=IW+§ W+(G-0) f , (19
where | is the usual inertia tensor and G is the center of
mass position of the body with respect to (0); g is the

angular moment, f and C are the force and the

torque producing the acceleration &,  and W .

The weight action may be evaluated by means of equation
(18) introducing the gravity acceleration matrix Hg:
00 O O«
000ig
— t - !
Fro = Hoo ko - Ik Hao Hao =g o 0! gi ,
0000
where H g, holds the gravity acceleration's components in
(0). In the usua case where Z axis indicates the vertical
direction pointing up, we have g,=0, gy:O, g,~--9.81 m/s2.
The linear and angular momentum of a body k whose
velocity is W, and whose inertia is J, are given by the
following formula:
G, =W, J, - J W, . (20)
Again it is easy to verify that this equation is the matrix
formulation of the two following vector formulas:
F=mvy and G=W+(G-0)v. (21
An origina procedure to prove the validity of equations (18)
and (20) is explained in appendix A. To extend the validity
of these equations in any reference frame it is sufficient to
apply the transformation formulas (17) to both sides of (18)
and (20).

The kinetic energy of the body k is expressed as a function
of its velocity and inertial matrices by the relation®:
1
t = ETrace(Wokak(o)Wovkt) . (22)

This Eqg. can be easily proved from the definition of the
kinetic energy of the body. If P is the position of a point of

the body then Pis its velocity, the kinetic energy of the body
is the integral of the energy of the infinitesimal particles of

mass dm®:
L 1 ..
t 1y tPdm=—Tra(:e(‘ Ptdm). 23
=5 _ Trace|¢? (239)
Introducing Eg. (6) into Eg. (23) one obtains:
1 N e, )1 N tyat
t, —ETrace(dWP)(WP) dm)—ETrace(oWPP w dm)

The velocity matrix is independent from the mass, therefore,
the last term of the equation can be rewritten as:

1 N
t, :ETrace(W(ODP‘dm)\N‘) . (24)
It is easy to verify (see appendix A) that the integral
(PP'dm istheinertial tensor J, defined in paragraph 4.3.

4The trace of a square matrix is the sum of its diagonal
elements.

SIf X isacolumn matrix it yields Trace(X Xt) =x'X

The potential energy [, of abody k due to the gravitational
effect is expressed by:
Py = - Trace(H 5 Jy(o)) -

Knowing the kinetic and potential energy of a body, it is
quite easy to develop the dynamic equations of a system of
rigid bodies using the Lagrangian approach. More details
are given in part 2 of this paper in relation to serial
manipulators.

4.6 The skew operator
To simplify the writing of some relations it is useful to
define anew operator "skew" that for any square matrix X or
tensor X is defined as follows:
skew[X]=X- X" .

Tensors F and G are skew-symmetric, therefore the
equations (18) and (20) or vectorial equations (19) and (21)
can be rewritten as:

Fwo = ske""["'o,k Jk(O)] (25

Gy = Sk Wy Jy (o] - (26)
The notation (25) and (26) stresses that each of the two
expressions is equivalent to a linear system of 6 equations:
in fact, both F and G have only six independent elements.
For example, in the trivia case of a body rotating around a
principal inertial axis, if equation (25) is expressed in
matrix form with respect to a frame having the origin in the
center of the mass and the axes parallel to the principal
inertial axes of the body, the system will assume the well

known form:
Tey, = (Iyy+|zz)lvx Lfy = mXy
i . N
ic, = }Ixxﬂugxy ify = m,
te, = iy, {f, = my
5-Matrix L

The matrix representing the instantaneous Screw Axis (I SA)
of a body can be obtained from its velocity matrix W
dividing it by the module of its angular velocity:

0 -ug Uyébx
L:ﬂ: Uz 0 'Uxéby: g
L I S

0 0 olo

where |W| = Wg +wg +wZ .
If W[ ==0, matrix L is defined as:
w
L=—.
[
From the definition of W it is possible to see that U

represents the direction (unit vector) of the ISA, b can be
expressed as.
b=-up, +pu,

where p is the pitch and p,, is a point of the axis. In other
words u,, uy, U, b, by, b, are the Plucker coordinates of
the screw axis. These coordinates are generally known as L,
M, N, P, Q, R[37] or L, M, N, P*, Q*, R* [6]. Matrix L of
this paper has a meaning similar to matrix Q defined in [39,
34] and matrix Dj presented in [33].



From Eq (6) if we consider an infinitesimal interval of time
dt, the displacement dP of point P is:

dP=Pdt =WPdt ,

where the product Wdt represents the infinitesimal
displacement of the body:

0 -df, df,i dxf

0 -df i dyy df
d, 0! dz| |
R R S [ S e

X

'
'
'
'
'
'
'
'
'
r
'
'

where df ,, df |, df , are the infinitesimal rotations of the
body and dx,, dy,, dz, is the linear displacement of the
pole.

If the direction and the position of the | SA are constant, for
example when the body is connected by a screw or revolute
joint to the reference frame, matrix L is constant and we can
write the following differential equation:

d P=Pdt = L Pdf

or aso:

Figure [6] screw pair.

when integrated this becomesS:

Pl ) = exp[LT JP(0) = Qff JP(0) |
where P is the initial position of the point, P(f) is the
position of the point after rototrandation of f around the
screw axis and Q) is the matrix describing the
rototranslation:

6exp[A] indicates the exponential of a square matrix A
which is equa to:
A? A
eP[A] =l +A+—+—+. ... —
2! 3 n!

0 0 0
where matrix R can be expressed as:

2 . i
R=I+Uf+U2 4 +U f—+
- - 2 = il

Since g””: - gn (for any n) we can rewrite this equation
asfollows:

8- o

Noting that the terms between round brackets are the series
expansions of sine and cosine we get:

R =1+Usn{f )+ Uu?(1- cosff)) .

The trandation t can be calculated as follows:
t=(0-R)p, tUupf .
These results prove the contents of paragraph 2.3.

6 - Conclusions

The adoption of the presented methodology gives rise to
simple notation and easy programmabl e a gorithms because:
a) both linear and angular terms are handled simultaneously,
b) usual concepts like velocity composition, Coriolis
theorem or the virtual works principles can be easily
applied, and

¢) the practical applications of our theory require only the
knowledge of classic mechanics and of the homogeneous
transformation theory.

Moreover  this  methodology  connects  different
methodologies for the kinematics and dynamics of rigid
bodies such as homogeneous transformations, screw theory,
and the tensor method.

Practical applications of the presented methodology are
reported in part 2.

Appendix A

A -1 Demonstration of the velocity composition rule:
Wikiy = Wiia ¥ Wik -
If P, is a point embedded in body k, knowing the position
matrices M; ; and M ; , we can write:
P, :Mi‘kPk:Mi‘j M J.‘kPk .
The absolute velocity R of point P, is (nothing that P, is
constant):
R =M MM MR

Introducing into this Eq. the identity matrices | written as:
|:|v|;j|v|i,j and I:M},lk(M{,%Mi,j)\Aj,k

we obtain:

P =lMi,J('\"i',}Mi,J)V'J,k+'\"i,JMJ,k(M],lk(M{,?Mi,J)V'J,k)}Dk

Remembering that W =M M "1 we can rewrite the velocity

R asfollows:

o -1
R -lWi,j’fMi,jo,k(j)Mi,jI'V'i,j'V'j,kF1< :

and finally remembering the change of reference formulas
(see paragraph 3.2):



R =[Wi )W) R -
Comparing this relation with the equation:
R =W, iR
we get:

Wi =W,

i tW

ink(i) jok(@)
In the same way the validity of following Eq:
Hiky =Hijo ¥ Hikp *2Wij0 W
can be proved.

iy (i jk@)

A -2 Demonstration of the relation between action matrix,
acceleration and inertia matrices (Eq. 18).

Let P be the position of a point of a body, P=HP its
acceleration and dF =Pdm the inertial force acting on the

infinitesimal particles of mass dm, the action matrix F can
be defined as follows:

F :ddF P! - PdF‘): dﬁpt - P|5t)dm:

m m
= dHPPt - PP‘H‘)dm

m
Since matrix H is independent of the mass, this relation
becomes:

88 t 0 88 t Qt t
F=H2PP'dn:- ¥PP'dmH' =HJI - JH' .
¢ (PP"dm_- & (PP'dm}

ém @ ém @

Starting from the definition of matrix G
G= dPPt - PP )dm
m

and applying the same statement used for matrix F it is
possible to prove the validity of Eq. (20).

A -3 Demongtration of the change of reference formula for
matrix J (paragraph 4.4)

Matrix J can be defined as:

J= ¢pPdm,
m
where P is the position of an infinitesimal particle of mass

dm of the body.
Let us consider two different reference frames (r) and (s)
whose relative position is described by matrix M _ .

Theinertiamatrices of the body inr and in s are:
Iy = OPr Prdm and Jg = (PsPsdm
m m
remembering that P, = M P, matrix J, becomes:

Iy = c‘frPrtdm: c‘j\/lr’sPsPéMtr’sdm:
m

m
& 0
M r,sgdospédmjvltr,s-
em a
Therefore:
J(r) =M r,sJ(s) Mtr,s
Appendix B.

Subscript conventions summary
The relative motions between bodies are represented by
matrices which usually appear with some subscripts:

Miis Wi Hijooo Lija-

Subscripts | and | specifies the bodies involved, the
subscript k, which is in round brackets, denotes the frame
onto which the quantities are projected. For instance the
velocity of the body (5) with respect to body (3) projected on
frame (2) is:
Wis) -

In special cases when subscripts assume "standard" or
"obvious values' some of them can be omitted to simplify
the notation. This happens for example in paragraph 3 where
the meaning of each matrix is presented. For the same
reason in part 2, the third subscript k is often omitted when
k=i.
The dynamics quantities J, G and F require just two
subscripts:

Jiw Gwr Fiw:
the subscript i denotes the body involved, and (k) has the
previus meaning (frame on which the quantities are
projected).
Frame (0) is the absolute reference frame; in dynamics it is
assumed to be also the inertial frame.
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